Lecture 26.
Radiative and radiative-convective equilibrium.

Obijectives:
1. Radiative equilibrium models.

2. Radiative-convective equilibrium models.

Appendix. Derivation of the Eddington gray radiative equilibrium.
Required reading:

L02: 8.3

1. Radiative equilibrium models.

These models predict the atmosphere temperature profile of an atmosphere in radiative
A dF
equilibrium —™ =0
dz

Under the “gray atmosphere” assumption, we can solve for the temperature profile

analytically

Eddington gray radiative equilibrium results: (see Appendix for the full derivation).

Assumptions:
i I dF,.
1) Radiative equilibrium: G =0
z

2) Gray atmosphere in longwave
3) No scattering and black surface in longwave
4) No solar absorption in the atmosphere

5) Eddington approximation: I(y) =1, +1,u

Longwave flux profile:

F'(r)=F (1+%r) and F*(r):Fsun(%r) [26.1]

sun

where F,,, =(1-T)F, /4



Atmosphere blackbody emission and temperature profiles:

F 3 1 3
B(r)=—"(1+>7) and T*()=T*(=+>1 26.2
(1) 2ﬂ( > ) (1) e(2 2 ) [26.2]

Surface temperature is discontinuous with the atmosphere (hotter):
I:sun 4 4 3
B,=B(*)+—=" and T, =T, (1+-1%) [26.3]
2 4

Implications:
v Greenhouse effect — larger T increases surface temperature

v" Runaway greenhouse effect - T increases => T increases

v’ Positive feedback — higher temperature => greenhouse gases

Eddington gray radiative equilibrium temperatures

If one wants the temperature profile in terms of height, one needs to relate optical depth
to height.
Assume that an absorber has the exponential profile

Pa = Poexp(=z/H,) [26.4]
So the profile of optical depth is
r(z) = l?:f 0.(2)dz =k, p,H, exp(-z/H,) =1 *exp(-z/H,) [26.5]
Temperature profile
T'(2)=T} (l+%r*exp(—z/ H.)) [26.6]
Lapse rate
%(Z) = —gr—s’k?exp(—z/ H,) [26.7]
1+_r* "2
Implications:

v' Low 1* => stable atmosphere
v Smaller scale height Ha of the absorber causes steeper lapse rate

v’ Steepest lapse rate near the surface (z=0)



2. Radiative-convective equilibrium models.

These climate models solve for the vertical profile if temperature using accurate

broadband radiative transfer models.

Model inputs vertical profile of gases, aerosols and clouds. Iterates the
. . A : . dF
temperature profile to archive equilibrium (i.e., zero heating rates ord—nGt =0)
z

Climate feedbacks can be included by having water vapor, surface albedo, clouds,

etc. depend on temperature.

Solving for radiative equilibrium:

Iterate the temperature profile T(z) to get zero heating rates ?3_1- =0

1.

Time marching method:

T at t+1 time step from heating rate at time t:

T™(z,) =T(z,) +(6T;tzk)j At [26.8]

Direct solve:

Use gradient information in nonlinear root solver (faster, but more complex than

time marching)

Radiative equilibrium temperature profiles show (see Figure 26.1 below):

v/ CO2 -only-atmosphere has less steep profile.

v’ Earth’s stratosphere warms due to UV absorption by ozone.

v Most greenhouse effect from water vapor.
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Figure 26.1 Pure radiative equilibrium temperature profiles for various atmospheric

gases in a clear sky at 35 N in April. L+S means that the effects of both longwave and

shortwave radiation are included (from Manabe and Strickler, 1964).

Results: the radiative equilibrium surface temperature is too high and the temperature

profile is unrealistic.

Problem: radiative equilibrium surface temperature lapse rate near the surface exceeds

threshold for convection

Fix: assume convection limits lapse rates to < y; (e.g., 6.5 K/km)

v Radiative-convective equilibrium is equilibrium of radiative+ convective

fluxes



Convective adjustment methods:

1. Move heat like convection: if y, exceeded, adjust temperature so y. achieved and
heat is conserved
2. Parameterize convective flux, e.g.

I:COHV = C( d_T
dz

- VCJ if Od—T‘ - VCJ >0 [26.9]
dz

Results of the RCE model developed by Manabe and Strickler (1964):
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Figure 26.2 Pure radiative equilibrium and radiative-convective equilibrium temperature

profiles for two values of v for clear sky.
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Figure 26.3 Radiative-convective equilibrium temperature profiles for various
atmospheric gases in a clear sky at 35 N in April.

Comparing figures 26.1 and 26.3:

v Radiative equilibrium is fairly accurate for the stratosphere (though latitudinal and
seasonal dependence is not correct)

v Convection required for reasonable tropospheric temperatures



Appendix. Derivation of the Eddington gray radiative equilibrium.

Assumptions:
dF
6) Radiative equilibrium: d—"e‘ =0
Z

7) Gray atmosphere in longwave
8) No scattering and black surface in longwave

9) No solar absorption in the atmosphere

10) Eddington approximation: I () =1, + 1, u

Since the atmosphere is gray (all wavelength are equivalent), one can write the wavelength
integrated thermal emission radiative transfer equation ( no scattering)

,UE =1-B
where | is the integrated radiance (W m™ st™), T increases downward , and p >0 in the upward
direction. Note that deriving the variation of B with the optical depth T is equivalent to
determining the temperature profiles since the blackbody emission is a function of temperature

only.

Using the Eddington approximation, the net flux (positive upward) becomes
1
_ _Am
F. = 277:[ == 1,

The radiative equilibrium assumption implies that F.¢; (and 1) is constant with optical depth.

Integrating the above radiative transfer equation over du gives

27Ti 1_[ lrdy = 277] ldu - 277] Bdu
dr -1 -1 -1

dF
— =45k, -47B
dr
Under the radiative equilibrium assumption, we have

I, =B



Integrating the radiative transfer equation over pdp gives
d 1 1 1
277d— I R 27TI Iy - 271_[ Budu
r -1 -1 -1

Since B is isotropic the last term drops out leaving

Amrdl, —F _4m

3dr ™ 3"
a8 _
dr
Thus, the solution for B is simply a linear function of optical depth:
B(r) =B(0)+I,r
Constants B(0) and I, need to be determined from the boundary conditions.
Top of the atmosphere:

First boundary condition: no thermal downwelling flux
F'(0)= 277] |y = 78(0) ——| =0
S0 we have
3
l, :EB(O) or F,, =278(0)

Second boundary condition: upwelling longwave flux is equal to the absorbed solar flux Fgy:

F'(0) = 2nj ludy = 78(0) +—| =F,,
(Recall that the absorbed solar flux Fynis Fy,, =(1-T)F,/4) )

L 3 .

Putting in |, :EB(O) gives

F., =28(0)=F

So now we have the B(0) and I, and thus the atmosphere Planck function profile is determined

Fan 1. 3
B(r)=—(1+>1
(0)=— 50

The final step is to apply the boundary condition at the surface to obtain the surface temperature
T,. This boundary condition is that the emitted flux by the surface equals to the sum of the

downwelling shortwave and longwave flux at the black surface:



F, +F (%) = 7B,
. 27
where F* (7%) :71‘3(r"‘)—?l1
. 4n . -
Using F,, = 3 I, gives the emission from the surface

F
B, =B(r*)+—=—
21T

which is discontinuous with the atmospheric emission.

The previous results can be expressed in terms of temperature by
1 3
T =T)E+>1
(1) =T ( >t )

where oT' =F_,

T4 :£T4
2 e

top

TETA

For Fo = 1366 W/m’ and T = 0.3:
Te= 255K and a “top” temperature T,= 214 K
Assuming a global averaged surface air temperature of T(t*) = 288 K gives a gray body optical

depth of T = 1.5, and a surface skin temperature of T,= 308 K



